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Abstract
We calculate the generational mass splitting of neutrinos in high temperature
SU(2)L ⊗ U(1) gauge theory when the temperature is above 250 GeV and
the gauge symmetry is restored. We consider the case of neutrinos that are
massless at tree level as well as the case of neutrinos with tree-level mass and
large mixing.
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I. INTRODUCTION
As neutrinos play a significant role in the early universe [1], their behavior in hot and
dense media has been extensively investigated by many authors. Recently, several of them
extended their interest into the SU(2)L ⊗ U(1) symmetric phase of the universe where the
gauge particles associated with the symmetry are massless while the fermions need not be
massless.
We have examined the contributions of the charged leptonic background to the neu-
trino self-energy, from which we calculate the neutrino effective mass, in the era where the
SU(2)L⊗U(1) symmetry is unbroken. Since the SU(2)L⊗U(1) symmetry of the Lagrangian
prohibits the presence of a mass term for the fermions, here we are referring to the running
masses which are obtained by running the low energy fermion masses to high energy, using
the renormalization group equation. The temperature is assumed to be not much higher
than 250 GeV so only the Standard Model leptons are relevant.
The calculation shows that, unlike what happens in the vacuum case, the neutrinos,
which are massless at the tree level, acquire effective masses that depend on the generation
indices. In other words, the degeneracy among the massless neutrinos is removed through
the interactions with the charged leptons. This can be of immediate interest since even a
slight generational asymmetry among the neutrinos can lead to resonant neutrino oscillations
[2] and change the evolution of the early universe.
We show in Section II the detailed calculation of the neutrino self-energy
Σ(K) = −aγµKµ − bγµuµ , (1.1)
where uα is the four-velocity of the heat bath, Kα is the four-momentum of the neutrino
under consideration, and a and b are Lorentz-invariant functions that depend on the Lorentz-
scalars defined by [3]
ω ≡ Kαuα, k ≡
[
(Kαuα)
2 −K2
]1/2
. (1.2)
In Section III we then find the poles of the neutrino propagator
2
S(K) = [γµK
µ + Σ(K)]−1 = [(1 + a)γµK
µ + bγµu
µ]−1 . (1.3)
and obtain the mass differences between two different species of neutrinos. We also discuss
the case when the neutrinos are mixed and have non vanishing tree level masses at zero tem-
perature. Finally we conclude the article giving a summary of the work and its implications
on the early universe.
II. COMPUTATION OF THE SELF-ENERGY
We are considering the SU(2)L ⊗ U(1) gauge theory when the temperature is above
250 GeV and the gauge symmetry is restored. We are interested in calculating the finite
temperature corrections to the neutrino self-energy at the one-loop level using the real-time
formulation of finite-temperature field theory. We will neglect the effects of a possibly non-
vanishing (but still very small) CP -asymmetry in the fermionic background. The three
kinds of Feynman diagrams that are relevant to this calculation are shown in Fig. 1. We
take the neutrinos to be massless Dirac particles and the charged leptons to have “running
masses”.
The issue of the fermion masses must be carefully addressed at this point. In this work
we are referring to the fermion running masses. The fermion running masses in the energy
region where GUTS are broken but SU(2)L⊗U(1) is still an exact symmetry can be obtained
by using the renormalization group equations to run the values of the fermion masses from
their values at the low energy µ to the values at the higher energy p. The running fermion
masses are
mα(p
2) = mα(µ
2)

 1
1 + g
2(µ2)
4pi
4
3pi
ln
(
p2
µ2
)


(3/4)3 
 1
1− g′2(µ2)
4pi
1
2pi
ln
(
p2
µ2
)


−(9/20)
, (2.1)
where mα(µ
2) is the charged lepton mass as it is measured in the lab at low energy (i.e. µ =
1 GeV), g is the SU(2)L coupling constant, g
′ is the U(1) coupling constant, and α = e, µ, τ .
We also need to clarify that these running masses do not include any matter effects, since
it is well known that the fermion effective mass due to matter effect is of order gT , where
3
T is the temperature [3]. Now we can write the finite temperature propagators for fermions
S(p) and gauge bosons Dµν(p) in the Feynman gauge as
S(p) = [γµp
µ +m(p2)]
[
1
p2 −m2(p2) + iǫ + iΓf (p)
]
, (2.2)
Dµν(p) = −ηµν
[
1
p2 + iǫ
− iΓb(p)
]
, (2.3)
where m(p2) is the fermion mass of Eq. (2.1), and Γf(p) and Γb(p) are defined as
Γf (p) = 2πδ(p
2 −m2(p2))nf (p) (2.4)
Γb(p) = 2πδ(p
2)nb(p) (2.5)
with
nf (p) =
[
e|p·u|/T + 1
]−1
(2.6)
nb(p) =
[
e|p·u|/T − 1
]−1
. (2.7)
The imaginary part of the finite temperature correction to the neutrino self-energy can
be neglected [3,4], and therefore the contribution from the tadpole diagrams will vanish.
Since the calculations of the gauge boson contribution and of the scalar contribution are
very similar, we will show only some details of the first one.
The gauge boson diagrams that contribute to the one loop neutrino self-energy are the
W -lepton diagram, Σ(1), and the Z-neutrino diagram, Σ(2), and they are given by
Σ(n)(K) = ig
2C(n)
∫ d4p
(2π)4
Dµν(p)γ
µS(n)(p+K)γ
ν , (2.8)
where the index n refers to 1 or 2, g is the coupling constant, the numerical factor C(n)
is C(1) = 1/2 (for the W -lepton diagram) and C(2) = 1/4 (for the Z-neutrino diagram),
S(1)(p + K) is the propagator for massive leptons of Eq. (2.2) and S(2)(p + K) is the
propagator for massless neutrinos which is obtained by setting m(p2) = 0 in Eq. (2.2).
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Once we calculate Σ(1)(K), the value of Σ(2)(K) can be obtained from Σ(1)(K) by setting
m(p2) = 0 and multiplying by 1/2.
The finite temperature correction Σ′ to the neutrino self-energy is
Σ′ = Σ− Σ (T = 0) (2.9)
and using the expressions for the propagators (2.2) and (2.3), we obtain
Σ′(1) = 2g
2C(1)
∫
d4p
(2π)4
[γµp
µ + γµK
µ − 2m(T 2)]
[
Γb(p)
(p+K)2 −m2(T 2) −
Γf(p+K)
p2
]
(2.10)
where we neglected the imaginary part of Σ′. In Eq. (2.10) we replaced m(p2) with m(T 2),
because the fermion masses depend very slowly on the fermion four momentum. The term
proportional to 2m vanishes because it is sandwiched between left-handed and right-handed
projectors. Changing p to −p−K we find
Σ′(1) = 2g
2C(1)
∫
d4p
(2π)4
[
(γµp
µ + γµK
µ)Γb(p)
(p+K)2 −m2 +
γµp
µΓf (p)
(p+K)2
]
(2.11)
where, for brevity, we used m for m(T 2). After integration over p0 and over the angles, we
obtain
1
4
Tr (γµK
µΣ′(1))
= g2C(1)
∫
dp
8π2
{[
4p− K
2 +m2
2k
×
(
ln
[
ω2 − k2 −m2 + 2(ω − k)p
ω2 − k2 −m2 + 2(ω + k)p
]
+ ln
[
ω2 − k2 −m2 + 2(−ω − k)p
ω2 − k2 −m2 + 2(−ω + k)p
])][
ep/T − 1
]−1
+
[
4p+
K2 +m2
2k
(
ln
[
ω2 − k2 +m2 + 2ω√p2 +m2 − 2kp
ω2 − k2 +m2 + 2ω√p2 +m2 + 2kp
]
+ ln
[
ω2 − k2 +m2 − 2ω√p2 +m2 − 2kp
ω2 − k2 +m2 − 2ω√p2 +m2 + 2kp
])]
p√
p2 +m2
[
e(
√
p2+m2)/T + 1
]−1}
, (2.12)
1
4
Tr (γµu
µΣ′(1))
=
g2C(1)
k
∫ dp
8π2
{
−(p+ ω) ln
[
ω2 − k2 −m2 + 2(ω − k)p
ω2 − k2 −m2 + 2(ω + k)p
] [
ep/T − 1
]−1
− p
[
e(
√
p2+m2)/T + 1
]−1
ln
[
ω2 − k2 +m2 + 2ω√p2 +m2 − 2kp
ω2 − k2 +m2 + 2ω√p2 +m2 + 2kp
]}
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+
g2C(1)
k
∫
dp
8π2
{
(p− ω) ln
[
ω2 − k2 −m2 + 2(−ω − k)p
ω2 − k2 −m2 + 2(−ω + k)p
] [
ep/T − 1
]−1
+ p ln
[
ω2 − k2 +m2 − 2ω√p2 +m2 − 2kp
ω2 − k2 +m2 − 2ω√p2 +m2 + 2kp
] [
e(
√
p2+m2)/T + 1
]−1}
, (2.13)
where all logarithms are to be understood in the principal-value sense.
III. CALCULATION OF THE GENERATIONAL MASS-SPLITTING OF
NEUTRINOS
The finite temperature correction to the neutrino self-energy can be written in terms of
the two Lorentz-invariant functions a and b as
Σ′(K) = Σ′(1)(K) + Σ
′
(2)(K) = −aγµKµ − bγµuµ . (3.1)
Therefore we have
1
4
Tr(γµK
µΣ′) = −aK2 − bK · u = −a(ω2 − k2)− bω
1
4
Tr(γµu
µΣ′) = −aK · u− b = −aω − b , (3.2)
from which we obtain
ak2 =
1
4
Tr(γµK
µΣ′)− ω1
4
Tr(γµu
µΣ′)
bk2 = −ω1
4
Tr(γµK
µΣ′) + (ω2 − k2)1
4
Tr(γµu
µΣ′) . (3.3)
The poles in the neutrino propagator occur when ω and k are such as to produce a zero
in the Lorentz-invariant function D
D = (1 + a)2K2 + b2 + 2(1 + a)bK · u . (3.4)
One obtains the positive-energy root of D = 0 when ω and k satisfy
ω(1 + a) + b = k(1 + a) (3.5)
We want to find the solution of this equation for k = 0, and the value of ω (which we call
M) that satisfies Eq. (3.5), when k = 0, is the neutrino effective mass.
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For small k the two expressions 1
4
Tr(γµK
µΣ′) and 1
4
Tr(γµu
µΣ′) are of the form
1
4
Tr(γµK
µΣ′) = h0 + h1k
2 + h2k
4 + · · ·
1
4
Tr(γµu
µΣ′) = g0 + g1k
2 + g2k
4 + · · · , (3.6)
where the hi and gi are functions of ω and T only, i.e. hi = hi(ω, T ) for i = 0, 1, · · · and
gi = gi(ω, T ) for i = 0, 1, · · ·
We have shown in our previous paper [4] that the effective neutrino mass M is given by
M2 = h0(ω = M,T ) . (3.7)
The Eq. (3.7) is valid only if h0 and g0 (as defined in Eq. (3.6)) satisfy the following
h0 = ωg0 . (3.8)
We have checked explicitly that in our case Eq. (3.8) is satisfied and therefore we can use
Eq. (3.7) to calculate M .
We are interested in temperatures of 250 Gev or higher, and so we can take m ≪ T in
our calculations. To obtain the value of h0 we use the following integrals
∫ ∞
0
p
[
ep/T − 1
]−1
dp =
π2
6
T 2 (3.9)
∫ ∞
0
p2√
p2 +m2
[
e(
√
p2+m2)/T + 1
]−1
dp =
π2
12
T 2 +
1
8
m2
[
ln
(
m2
T 2π2
)
+ 2γE − 1
]
(3.10)
where γE = 0.5772 and Eq. (3.10) is valid only if m≪ T [6]. We then obtain, for m/T ≪ 1,
lim
k→0
1
4
Tr(γµK
µΣ′(1))
= g2C(1)
T 2
8
+ g2C(1)
1
16π2
m2
[
ln(m2/T 2π2) + 2γE − 1
]
+g2C(1)(ω
2 −m4/ω2)
∫
dp
8π2
(
− 1
ω −m2/ω + 2p +
1
ω −m2/ω − 2p
) [
ep/T − 1
]−1
+g2C(1)(ω
2 −m4/ω2)
∫ ∞
m
dp
8π2
(
1
ω +m2/ω + 2p
− 1
ω +m2/ω − 2p
) [
ep/T + 1
]−1
,
(3.11)
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which, by neglecting terms of order m4 and higher, can be re-written as
lim
k→0
1
4
Tr (γµK
µΣ′(1))
= g2C(1)
T 2
8
+ g2C(1)
1
16π2
m2
[
ln(m2/T 2π2) + 2γE − 1
]
(3.12)
+g2C(1)ω
2
∫ ∞
0
dp
8π2
(
− 1
ω + p
+
1
ω − p
) [
ep/T − 1
]−1
+g2C(1)
m2
8π2
+g2C(1)ωm
2
∫ ∞
0
dp
8π2
[
1
(ω − 2p)2 −
1
(ω + 2p)2
] {[
ep/T + 1
]−1
+
[
ep/T − 1
]−1}
.
Similarly, we have
lim
k→0
1
4
Tr(γµK
µΣ′(2)) = g
2C(2)
T 2
8
+ g2C(2)ω
2
∫ ∞
0
dp
8π2
(
− 1
ω + p
+
1
ω − p
) [
ep/T − 1
]−1
(3.13)
and therefore adding Eqs. (3.12) and (3.13) and setting ω = M we obtain the value of h0,
which gives us the following equation for the neutrino effective mass squared
M2 = M20
{
3
4
+
1
4T 2π2
m2
[
ln(m2/T 2π2) + 2γE + 1
]
+
3
4
M2
T 2
∫ ∞
0
dp
π2
(
− 1
M + p
+
1
M − p
) [
ep/T − 1
]−1
+
1
2
M
T
m2
T 2
∫ ∞
0
dp
π2
[
1
(M/T − 2p)2 −
1
(M/T + 2p)2
] [
ep
e2p − 1
]}
, (3.14)
where we have used M20 = g
2 T 2
8
.
When we also add the scalar contributions to the fermion self-energy, M20 is modified to
M20 =
g2
8
T 2 +
|f |2
8
T 2 , (3.15)
where |f | is the Yukawa coupling constant of the fermions [3,4]. We find that the contribution
from the Yukawa couplings can be neglected for |f |2 ≪ g2.
The term on the third line of Eq.(3.14) can be neglected compared with the other terms
because it is of order g(m/T )2. The term on the second line of Eq. (3.14) will contribute to
the effective mass a negligible amount compared to 3
4
M20 (but still much more than the m
2),
but since it is independent of the lepton mass it will not have any effect on the generational
mass splitting. Therefore we conclude that the difference between the square of effective
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mass of neutrino of the α generation and the square of effective mass of neutrino of the β
generation (α, β = e, µ, τ) is given by
∆αβ = M
2
α −M2β =
g2
32π2
m2α(T
2)
{
ln
[
m2α(T
2)/T 2π2
]
+ 2γE + 1
}
− g
2
32π2
m2β(T
2)
{
ln
[
m2β(T
2)/T 2π2
]
+ 2γE + 1
}
(3.16)
where mα(T
2) and mβ(T
2) are the running masses of the corresponding charged leptons
given by Eq. (2.1).
Now we discuss the case of massive neutrinos with non-vanishing mixing angles. In
this case the distinction between the mass and the weak eigenstates is critical [5]. The mass
eigenstates are the one particle eigenstates of the neutrino field operators that have mutually
independent quadratic (free) Lagrangians. The weak eigenstates, on the other hand, are the
linear combinations of the mass eigenstates that vanish when acted upon by the weak fields
that are responsible for the weak interaction. The weak eigenstates (fields) and the mass
eigenstates (fields) are related by the unitary mixing matrix U as,
| νi >= U∗iα | να > , (νi = Uiανα) , (3.17)
where | νi >, i = 1, 2, 3 are the mass eigenstates and | να >, α = e, µ, τ are the weak
eigenstates. (For more comprehensive discussion, see Ref. [5].) By definition, the propagator
and the dispersion relation can be defined only with the mass eigenstates. So our discussion
should be understood in terms of the mass eigenstates and the Feynman diagram of Fig. 1
should be modified to include this point. In Figure 2, we explicitly showed the correction;
the incoming and the outgoing neutrinos are the mass eigenstate neutrinos and the vertices
are modified to include the mixing effects (Uiα and U
∗
αj when the intermediate charged lepton
is α (e, µ, τ)). Therefore in this case one has to consider a 2× 2 Hamiltonian matrix, which
in the mass eigenstates basis, is
Hij = UjαU∗iαMα +
m2i
2E
δij , i, j = 1, 2, 3 , (3.18)
where mi are the running masses of the neutrino mass eigenstates. In Eq. (3.18) we are
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summing over α and Mα is the value of M obtained by solving Eq. (3.14) with m replaced
by mα, the running mass of the charged lepton α (Eq. (2.1)).
In this case we find that the mixing angles change from their vacuum values. For an
illustrative purpose, we consider the case of two generations. The mixing matrix of the
neutrinos in vacuum is
U =

 cos θ sin θ
− sin θ cos θ

 . (3.19)
The mixing angle in the medium is given in terms of the vacuum angle θ as
tan(2θ
T
) =
sin(2θ)
cos(2θ) +
∆m2/E
(Mµ −Me)
, (3.20)
where ∆m2 ≡ m22 − m21 and Mµ(Me) is the effective mass of νµ(νe), not to be confused
with the mass of the muon (electron). For light neutrinos θ
T
is not much different from the
vacuum angle θ since Mµ−Me is much bigger than ∆m2/E. The mass eigenstate neutrinos
actually correspond to the weak eigenstate neutrinos in the early universe unless ∆m2/E is
comparable to the effective mass differences.
IV. DISCUSSION
We have calculated the generational mass splitting of neutrinos in high temper-
ature (above 250 GeV) SU(2)L ⊗ U(1) gauge theory to be ∆αβ ≡ M2α − M2β =
g2
32pi2
m2α(T
2)
{
ln [m2α(T
2)/T 2π2]+ 2γE +1
}
− g2
32pi2
m2β(T
2)
{
ln
[
m2β(T
2)/T 2π2
]
+2γE +1
}
where
we assumed the neutrinos to be massless at tree level and mα(T
2) and mβ(T
2) are the run-
ning masses of the corresponding charged leptons, as given by Eq. (2.1). This effect lifts
the mass degeneracy of neutrinos for temperatures below the GUTS symmetry breaking
temperature. We have also discussed the case in which neutrinos have tree level masses and
large mixing. In this case we found that weak eigenstates and mass eigenstates are the same
unless the mass difference is large.
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